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Abstract 

This paper looks at the L- function of the fc-th symmetric power of the Q^-sheaf Ai/ over the affine line 
Af q associated to the generalized Airy family of exponential sums. Using ^-adic techniques, we compute the 
degree of this rational function and local factors at infinity. 



1 Introduction 

In this paper we study the L-function attached to the fc-th symmetric power of the Q^-sheaf Ai / associated to 
the generalized Airy family of exponential sums. Symmetric powers appear in the proofs of many arithmetic 
problems. For instance, Deligne's proof [5] of the Ramanujan-Petersson conjecture relies on the construction of 
a Galois module coming from the fc-th symmetric power of a certain i'-adic sheaf. The Sato- Tate conjecture [4] 
[14] [25] relies on the analytic continuation of the L-function attached to the fc-th symmetric power of an £-adic 
representation coming from an elliptic curve. Another equidistribution result concerning Kloosterman angles was 
proven by Adolphson [3] using results of Robba's [H] on the L-function of the fc-th symmetric power of the ^-adic 
Kloosterman sheaf KI2. Symmetric powers also arise in the proof of Dwork's conjecture [27J [25] [2§]. To begin, 
let us recall the general setup of an L-function of an £-adic representation. 

Let F q be the finite field of q elements and characteristic p. Let Y be a smooth, geometrically connected, open 
variety defined over ¥ q ; for instance, take Y to be affine s-space A| or the torus G^. Denote its function field 
by K, and its corresponding absolute Galois group by Gk '■= Gal(K sep / K). Let V be a finite dimensional vector 
space over a finite extension field of , where I ^ p. Let p : Gk ~ > GL(V) be a continuous ^-adic representation 
unramified on Y, and let T be the corresponding lisse sheaf on Y, Define the L-function of p on Y by 

i(r ' P ' T) := n det(l - p(Frob x )T d °&)y (1) 

By the Lefschetz trace formula, this is a rational function whose zeros and poles may be described using etale 
cohomology with compact support: 

2dim(F) 

L(Y,p,T)= JJ dct(l-Frob 9 T|^(r®F„^))(- 1 ) 1+1 

i=Q 

Given such a representation, we may construct new L-functions via operations such as tensor, symmetric, or 
exterior products. Natural questions about these new L-functions concern the determination of their degrees 
(Euler characteristic) and describing various properties about their zeros and poles. In this paper, we will focus 
on the symmetric powers of a particular family of exponential sums called the generalized Airy family. Other 
families whose symmetric powers have been investigated are the Legendre family of elliptic curves [2] [H] aud the 
hyperKloosterman family [10] [11] [21] . We note that the former seems to have been motivated by Dwork's p-adic 
interest in the Ramanujan-Petersson conjecture. 

The generalized Airy family is defined as follows. Let / be a polynomial over ¥ q of degree d with p j d. Let 
tp be a nontrivial additive character on F g . For each t £ ¥ q define its degree by deg(f) := \F q (t) : F g ]. It is 
well-known that the associated L-function of the sequence of exponential sums 

S m (t) ■= ^2 ijjoTr ¥ ^ mdes({)/¥q (f(x) +ix) for m = 1,2,3,... 

Z£F -m d„g(T) 
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is a polynomial of degree d — 1: 



/ 00 rprn \ 

L(f,A\i;T) :=exp £ S m (t)— J = (1 - Tri(t)T) • • • (1 - 7r d _i(F)T). 

\m=l m / 

As we will describe later, the relative cohomology of this family may be represented Radically as a lisse sheaf of 
rank d — 1 over A 1 via Fourier transform. Let us denote this sheaf by Ai/. The L-function of the fc-th symmetric 
power of Ai / takes the form: 

M fc (/,T):=L(A\Sym fc (Ai / ),T):= \{ IT i 1 ~ ^W 1 ' " ^d-i(t) a ^T d ^)-\ 

te\A x \ oiH had-i=fc 

where A 1 1 denotes the set of closed points on A 1 . By the Lefschetz trace formula, Mk(f, T) is a rational function. 
The ^-adic sheaf Ai/ was extensively studied by N. Katz in |16j . where its monodromy group is determined and, 
as a consequence, an cquidistribution result is obtained for the exponential sums in the family ([TBI Corollary 
20]). From these results it follows that, for p > 2d — 1, Mk(f,T) is in fact a polynomial. For d = 3, a study of 
the monodromy group may be avoided using Adolphson's method [3]. 

Our first main result is the computation of the degree of Mk(f,T) for p > d. The degree of the rational 
function Mfe(/, T) equals the fc-th coefficient of a generating series which is explicitly given in Corollary 13.41 
Simplified formulas are given in section [5] for some particularly nice values of / and p. 

As an example of this theorem, consider the family generated by f(x) = x d . Then the degree of Mk(x d , T) may 
be described as follows. Let £ be a primitive (d— l)-th root of unity in ¥ q . Denote by Nd-i,k the number of (d— 1)- 
tuples (ao, cl\, . . . , ad-2) of nonnegative integers such that ao + ai + - ■ - + a,d-2 = k and ao + aiC + - • ■ + dd-2C 2 = 
in F g . 

Theorem 1.1. With the notation defined above, we have 



deg M k {x d ,T) ' 



d-l 



+ d-2 
d-2 



dN, 



It was conjectured in [13] that Mfc(x 3 , T) is a polynomial for all p > 3 since it was shown, in that paper, that 
Mk(x 3 ,T) is a polynomial for every odd integer k, and also for every k even with k < 2p. Surprisingly, for p = 5, 
Mk(x 3 ,T) is not a polynomial for infinitely many k. This was communicated to the first author by N. Katz and 
is a consequence of the geometric monodromy group of Ai^ being finite. 

Theorem 1.2. Suppose p > 2d — 1. Then Mk(f,T) is a polynomial which may be factored into a product 
Qk{f,T)Pk(f,T), where Pk(f,T) satisfies the functional equation 

P k (f,T) = cT des ^P k (f,l/q k + l T) with |c| = q ^s(P k )(k+i)/2 

and Qk(f, T) has reciprocal roots of weight < k. Furthermore, writing f(x) — X)f=o c i x% > */ we assume ¥ q contains 
the 2(d — l)-th roots of —ded then an explicit description of Qk{f,T) may be given; see Corollary \4-'3\ 

Describing the p-adic behavior of the reciprocal roots of Mk(f,T) is also of interest. Motivation for such a 
study comes from Wan's reciprocity theorem (26j of the Gouvea-Mazur conjecture [12] on the slopes of modular 
forms; see [2] for the connection between symmetric powers of the Legendre crystal with Hecke polynomials. At 
present we are able to prove the following improvement to |13j . Assume p > 7, fc is odd and k < p. Write 
Mk(x 3 ,T) = 1 + c\T + • • • + C(fc + i) y 2 r^ fc+1 ^ 2 . Then the g-adic Newton polygon lies on or above the quadratic 
function i(m 2 + rn + km) for m = 0,1,2,..., Furthermore, as a consequence of the functional equation, 

the endpoints of the g-adic Newton polygon of Mk (x 3 , T) coincide with this lower bound. We will prove this in 
a separate paper. 

Acknowledgments. We would like to thank Nicholas Katz and Steven Sperber for their very helpful comments. 



2 Cohomological interpretation of Mk(f,T) 

In this section we will study the generalized Airy family of exponential sums from the point of view of £-adic 
cohomology. We will do so by studying the sheaf Ai/ that represents this family on the affine line A 1 over the 
given finite field F g . We begin by observing that the map ¥ q — > C given by t i-> J2xew q ^(f( x ) + IS the 
Fourier transform with respect to ijj, in the classical sense, of the map t h-> 4>{f(t)). This will translate, in the 
cohomological sense, to the fact that Ai/ is the Fourier transform, in the sheaf-theoretical sense, of the (Q^-sheaf 
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that represents the latter map, which is just the pull-back of the Artin-Schreier sheaf associated to ip via the map 
given by /. Let us be more precise. 

The polynomial / naturally defines a morphism, also denoted by / : A F — > A§. . Let be the Artin-Schreier 
sheaf on Ap associated to ip (cf. [6l 1.7]). For every finite extension ¥ q m of ¥ q , every t £ A 1 (F q m) = F g ™ and 
every geometric point i over t, we have Trace(Frobt|£^, f) = ip(Tr&ce ¥qm / ¥q (t)), where Frobt denotes a geometric 
Frobenius element at t. Consider the pullback £,/,(/) '■= 

By |16[ Theorem 17], for d > 2 the Fourier transform with respect to tp of (which, in principle, is an 

element of the derived category 2?* (A 1 , Qg)) is in fact a (shifted) lisse sheaf on A 1 , of rank d— 1 and with d/(d—l) 
as its single slope at infinity. Its Swan conductor is therefore d. Let us denote this sheaf by Ai/ = R 1 ^!^//^)^), 
where n t : A 2 — > A 1 is the projection (x,t) h-> i. For every finite extension F g m of ¥ q , every i G F q m and every 
geometric point t over t we have, denoting ^ m = i\) o Tracec m /p ? : 

Trace(Frob t |(Ai / ) t -) = - £ lM/(s) + ts). 

The characteristic polynomial of the action of a geometric Frobenius element Frob t at t on the stalk of Ai / at a 
geometric point over i has the form 

L(Ai/, t, T) = (1 — 7ri(t)T) • • • (1 - 7r d _i(t)T) 

where 7Tj(£) is a Weil algebraic number of weight 1 (i.e. all its complex conjugates have absolute value q 1 ^ 2 ) and 
J2x£F m ^mifix) + to) = — 2j ^ « f° r au m — 1- Its ^" tn "symmetric power" is given by 

L{k;M f ,t,T) := [| (1 - 7n(t) Q1 • • • 7r d _i (i^T). 

aiH ha d _i=/c 

These are the local factors of the L- function of the fc-th symmetric power of Ai/ , which is given by the infinite 
product 

M k (f,T):= J] LfaAif^T**®)- 1 

telA 1 

The Lefschetz trace formula demonstrates that the zeros and poles of M^(/, T) may be described in terms of 
cohomology: 

2 

M k (f,T) = JJdet(l -n-obr|H*(Ai ?) Sym fc Ai / ))(- 1 ) i+1 . 

Since Sym fc Ai/ is a lisse sheaf on the affine line, we have H°(Ai , Sym^Ai/) = 0, and the previous formula 
simplifies to 

det(l - Frob r|Hj(Ai , Sym*Ai/)) 

Mfcf/.T) = ^ r . 

det(l - Frob T|H2(AI , Sym fc Ai/)) 

On the other hand, H^(Ai , Sym fc Ai/) is just the space of co-invariants of the sheaf Sym Ai/, regarded as 
a representation of the fundamental group 7Ti(Ai ), which is the A;-th symmetric power of Ai/ regarded as a 
representation of the same group. This is the same as the space of co-invariants for its monodromy group, 
which is defined to be the Zariski closure of its image in the group of automorphisms of the generic stalk of 
Ai/, isomorphic to GL(d — 1) := GL(d — l,Q e ). By [THl Theorem 19], for p > 2d — 1 the geometric monodromy 
group of Ai/ is either SL(d — 1) for d even, or Sp(d — 1) for d odd if Cd-i = and fi p ■ SL(d — 1) for d even or 
fip ■ Sp(d — 1) for d odd if Cd-i ^ (where f(x) = Y^t=o c i xl )- I n either case, its fc-th symmetric power is still an 
irreducible representation of rank ( d ^~ 2 ) °^ ^ ne m onodromy group (because it is an irreducible representation 
of its subgroup SL(d — 1) or Sp(d — 1)), and in particular the space of co-invariants vanishes. More generally, it 
was proven by O. Such ([24, Proposition 1.6]) that, for p > 2, either Ai/ has finite monodromy or its monodromy 
group contains SL(d — 1) or Sp(rf — 1). In order to rule out the finite monodromy case for p < 2d — 1 one may 
use for instance |18[ Proposition 8.14.3], which implies that Ai/ has finite monodromy if and only if for every 
element t £ W q the Newton polygon of the L-function associated to the exponential sum ^ tp(f(x) + tx) has a 
single slope. 

Consequently, we have the following: 

Theorem 2.1. //Ai/ does not have finite monodromy (e.g. if p >2d—\), the L-function of the k-th symmetric 
power of Ai/ is a polynomial: 

k 



M fe (/, T) = det(l - Frob T|H*(Ai , Sym fe Ai f )) 
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While it is tempting to believe that Mk(f,T) is always a polynomial, this is not true, as mentioned in the 
introduction. In fact, the monodromy group can be finite in certain cases; for instance when p — 5 and f(x) = x , 
as proven in [T5]. In such cases, H2(Al ,Sym. k Ai f ) will be non-trivial for infinitely many values of fc, and 

consequently Mk{f, T) will have a denominator. 

Remark 2.2. Arithmetic difficulties often arise when the characteristic p is small compared to d, as demonstrated 
above by the link between the finiteness of the monodromy group when p < 2d ~ 1 and the Newton polygons of 
the fibres of the family. By the functional equation, if we denote by NPi(t) the slope of the first line segment 
of the Newton polygon of the fibre t then NPi(i) < 1/2 with equality if and only if the Newton polygon is a 
single line segment. If p = 1 modulo d, and in particular when p = d+ 1, then by [2"51 Theorem 3.11] the Newton 
polygon of every fibre equals the g-adic Newton polygon of the polynomial 1^=1 (1 — q l l d T). Thus, NPi(t) = 1/d 
and so the monodromy group is infinite when p = d + 1 > 3. 

Let [f{x)] x N denote the coefficient of x N in f{x). Suppose | + l<p<2d— 1 and / has coefficients over F p . 

By [H Theorem 2], if [(f(x) + tx)^\ p -i ^ modulo p for some < t < p - 1, then NPi(t) < /(p - 1) 

for those t. Hence, the mondromy group is infinite when such a t exists and d > 3 and p > 7. Their argument 
can be extended to show the following. Let (h(x)) s :— h(x)(h(x) — 1) ■ ■ ■ (h(x) — s + 1). Define the linear 
operator U : ¥ p [x] —> F p by sending x n to if (p — 1) \ n and 1 otherwise. Let c s := U((f(x) + tx) s ). Suppose 
ci = • • • = Cfe_i = modulo p and ct ^ mod p for some t, then NPi(i) < rzj. Hence, if this happens for some 
k < (p — l)/2 then the mondromy group is infinite. For example, for d > p — 1 and f(x) — x d + x v ~ Y then c\ = 1 
and hence the monodromy group is infinite for p > 5. 

Lastly, we mention the case when d = 4, p = 7 and / € ¥ q [x] is not of the form (x + a) 4 + bx + c, then by [151 
Theorem 4.6] the monodromy of Aiy is not finite. 



3 Computation of the degree of the L-function 

We will now study the degree of M/-(/, T) when p > d. From the formula above we have 

deg(M fe (/,T)) = dimtH^A^Sym^'AL,)) - dim^A^, Syn^Ai/)) - - Xc (A^, Sym^i/), 

where Xc denotes the Euler characteristic with compact supports. Using the Grothcndicck-Neron-Ogg-Shafarevic 
formula, we have then 

deg(M fe (/,T)) = Swan 00 (Sym fc Ai / ) - rank(Sym fc Ai / ) 

= Swan 00 (Sym fe Ai / )- ^ + d 2 ^. (2) 

In order to compute the Swan conductor of Sym^Ai/ we have to study the sheaf Aif as a representation of the 
inertia group 1^ of Ai at infinity. Since £ip(f) is lisse on A 1 , as a representation of the decomposition group at 

infinity we have Aif = ^00,00 where ^"00,00 is the local Fourier transform as defined in j2"0] . 

Recently, Fu [9] and, independently, Abbes and Saito pQ have given an explicit description of the different local 
Fourier transforms for a wide class of £-adic sheaves. We will mainly be using the description given in 1 , which 
works over an arbitrary (not necessarily algebraically closed) perfect base field, and therefore gives an explicit 
formula for Ai^- as a representation of the decomposition group -Dqo- 

If is the henselization of the local ring of at infinity with uniformizer 1/t, the triple (£,p(f( t ^,t, —f'(t)) 
is a Legendre triple in the sense of [TJ Definition 2.16]. Therefore by [TJ Theorem 3.9] we conclude that, as a 
representation of -Doc > Ai/ is isomorphic to 

(-/')* (A/>(/(*)) ® A/>(-t/'(t)) ® £ P (i/"(t)) ® Q) = (-/' ® £ p(i/"(t)) ® 2) 

where p is the unique character /qq — > of order 2, the corresponding Kummer sheaf and Q is the pull-back 
of the character Gal(F g /F 9 ) — > Q e mapping the geometric Frobenius to the quadratic Gauss sum g(ip,p) := 

-Et€FJ^(*)p(*)- 

Write f(t) = ^2i- Cit 1 . For simplicity, from now on we will assume that F 9 contains the 2(d — l)-th roots 
of —dcd (which can always be achieved by a finite extension of the base field). Following [9, Proposition 3.1] we 
can find an invertible power series Y^i>o ri ^ i e ^[I^ 1 ]] wrtn r^ 1 = —dcd such that u(t) := t^2 i>0 fit^ 1 is a 
solution to f'(t) + u(£) d ~ 1 = (the other solutions being £w(i) for every (d — l)-th root of unity (). The map 
4> : 1/t M> l/u(t) defines an automorphism — > S^), and by construction — /' = [d — 1] o 0, where [d — 1] is 
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the (d — l)-th power map. So Aif is isomorphic to 

[d - l]*0*(£^(/(i)-i/'( t )) ® ® C) = [d- l]*(0 _1 )*(/:v(/(t)-t/'(t)) ® £ P (i/"(t)) ® 2) 

= [d- l]*(£^(/(o(t)) + „(t)t"»-i) ® ^p(^f"(v(t))) ® 2) 
= [d- l] i (£^( / ( t , (t )) +l ,( t ) t d-i) ® ® 2 

since [d - 1]*Q = Q, where := 4>- l {t) = t £\> 

Let g(t) be the polynomial of degree d obtained from f(v(t)) + v(t)t 1 by removing the terms with neg- 
ative powers of t. It is important to notice that the coefficients of g are polynomials in the coefficients of /. 
More precisely if we write g(t) — ^bit 1 , the coefficient bi is a polynomial in the coeficients dj, di+x, . . . , ad 
of /. Since C^/^m^ is trivial as a representation of Doo for any h(t) € t -1 F 9 [[i -1 ]], we have an isomorphism 
A/,(/0(t))-K*)*' i ~ 1 ) — £ V'(9(*)) as representations of Z^. 

On the other hand, from f'(v(t)) + t d ~ l = we get f"(v(t))v'(t) + (d - l)t d -' 2 = 0, so £ p( i = 

^(-^^(4)^-2) • Since v'(t) = T, i > O 0-- i ) s i t ~ i = s o(l + E l > 2 ( 1 - and 1 + E l > 2 ( 1 - 0f£* _< is a square 
in ¥ q [[t~% we have £ p( _ ^,(^-2) = C p{ _^i Soti - 2) = C p{ d{d -i) Cd[sgt)d _ 2) (since s^ 1 = -l/dc d ). So we finally 
get 

Ai f = [d- ® C p d(s t)) ® £p{d{d-\) Cd /2) ® Q- (3) 

We can now easily compute the Swan conductor at infinity of its symmetric powers. By |17[ 1.13.1], 

SwaHooSyrn fc Ai/ = — — -Swan^d — l]*Sym fc Aiy = — — -Swan 00 Sym fe [(i — l]*Aiy 

Lemma 3.1. Let £ be a primitive (d — \)-th root of unity if¥ q , I^ 1 the unique closed subgroup of loo of index 
d — 1. As a representation of I^ 1 , the restriction [d — l]*Ai^ of Aif is isomorphic to the direct sum 

d-2 d— 2 

i=0 i=0 

Proof. Since (Q)* C^ {g) = AKaCC**))' (C)*£ P *(s t) = £ P d (s (n) and [d - 1] o = [d - 1] for every i, we have 
[d— l]*(£^( g (£i t )) ® £ p d( So ^i t )) = [d— l]*(£^,( 9 ( t )) ® £ p d( S()4 )), and therefore by Frobenius reciprocity Hom J d-i([d — 

l]*Ai / ,£ v ,( 9(c , t)) ® C p d( so t) ) = Hom /oo (Ai/, [d - l]^(£ v>(3(C i t) ) ® C pd(soC , t) )) = Homj DO (Ai/, Ai/) = Q e since 
the latter is an irreducible representation of loo- So for every i, A/,( s (f»t)) ® £ p d (s (;n) is a subrepresentation of 
[d-l]*M f . 

Now C^g^H)) ® Cpd^n) and £,/>(s(C J *)) ® £p d (s &t) are isomorphic if and only if jC^(g(c*t)) and A/Ka^*)) are, 
if and only if g(C l i) — g{&t) = h p — h for some ft, e F 9 [t]. Since p > d, this can only happen if g(C 4 i) = o(C J 'i). 
Comparing the highest degree coefficients we conclude that Q and C J must be equal. Therefore the direct sum of 
the A/ifafC 4 *)) ® £ P d (s (n) f°r « = 0, . . . , d — 2 injects into [d — l]*Ai/ and we conclude that it must be isomorphic 
to it, since they have the same rank. □ 

Consequently, we have an isomorphism of [loo] -modules 

Sym fc [d - l]*M f S ^(Ef^awCC*)) ® 

ao+ilH ha(i_2=fc 

For every finite subset J C Z and every integer fc > define 

S d -i(k,I) := {(a 0) . . . ,a d _ 2 ) £ Zl^lao + Oi H h a d _ 2 = Mo + H h a d _ 2 C (<i ~ 2) = for every i e J} 

It is clear from the definition that Sd-i(k,I) = Sd—i(k,I') if (f)(1) = 4>{I'), where <f> : Z — > Z/(d — 1)Z is 
reduction modulo d — 1. Also, Sd-i(k,I) = if p does not divide A; and In (d— 1)Z ^ 0. The number of elements 
in Sd-i{k, I) can be conveniently expressed in terms of a generating function: 

Lemma 3.2. Let F d _i(7; T) := ££L #S d -i(k, I)T k . Then 



-2 



where ip is any non-trivial additive character of I 



q- 
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Proof. From the definition, 

F d _ 1 (I;T) = J2 ]JS(a + a 1 C + --- + a d _ 2 C {d - 2) )T aa+ai+ --- +ad - 2 

(a 0: ...,a £i _ 2 )ez|- 1 »e/ 

where (5(a) = 1 if a = 0, otherwise. Equivalently, (5(a) = | X) 7 eF„ V"(7 a )- So we get 
fk_i(J; T) = ^ II - E ^( a ° + + ' ' ' + a d _ 2 C (<i - 2) ))T a °+ ai +-+ a ^ 

(ao,...,a d _ 2 )GZ|- 1 ^/ 9 

e e ^7 (n^ a ») ) (n^w)) ^ ••• (n^(7^ 2 c (<i - 2)4 )) r--- 

^jez^Meft) 1 V»e/ / Vie/ / Vie/ / 



(a ,.--> 



= 4/ E E v(E^) aoTao ^(E^) aiTai --^(E^ ( ^ 2)t ) a " 2ra ^ 2 

q 7£(F,) 7 (a ,...,a £i _ 2 )eZ|- 1 ^ ^/ iel 

w E ( E ^(E^) aoTao ) ( E <>>o aiTQ1 ) ••• ( E 4>C£^ (d ~ 2)i y d - 2Tad - 

7£(F,)' \a eZ> iel J V a i £Z >" ieI J \ad-2eZ>o iel 



q #I 

= i E ffa-^E^W 1 . 

^ 7£(F g ) 7 J=0 ie/ 

□ 

Write = J2j =0 bjP, and let J = {1 < j < d\bj ^ 0} and J>j := J n + l,...,d} for every j G 
{1, . . . ,d,d+ 1}. We have 

Swan oc Sym fe [(i - l]*Ai/ = ^ Swan^^d-^ a . g ^ t)) ® £ p <"°(i) 

ao+aiH ha ti _2=fc 

d-2 

E de s(E a ^t)) 

a a +a x -\ ha d _ 2 =fc »=0 

and 

d-2 d-2 d d d-2 

E a ^(ct) E"-E ^c°/ J = E^- E c°y 

i=0 i=0 j=0 j=0 i=0 

so its degree is the greatest j such that bj YltZo 0- Therefore we get 

(d - l)Swan oc Sym fc Ai / = Swan 00 Sym fc [d - l]*Ai/ 

J>j+i) ~ #Sd-i(k, J>j)) 

jeJ 



d( k+ d d _ 2 2 )-j:Kj)-#Sd-^j> 3 ) 

^ ' 3 eJ 



where h(j) := j — sup( J — J>j) is the "gap" between the V term and the next lower degree term in g(t). Taking 
the corresponding generating function we get the formula 

Corollary 3.3. Let G(f;T) := £;*L (Swan oo Sym fe Ai / )T fe ) then 

T) = {d _ l){ t T) d-, - ^ E m • Fd-i(J>j\T) 

j e J 

Using the previous formula for the degree, we deduce 
Corollary 3.4. The degree of Mfc(/;T) is the k-th coefficient of the power series expansion of 

(d-i)(i-T)"-i - I^rEMi) • ^-i(J>,;T). 

v /v 7 jeJ 

Corollary 3.5. For every J C {1, . . . ,d — 1} 7 Zei Vd{J) be the subspace of the affine space V d of polynomials of 
degree d over k such that bj = if and only if j G J. The sets {V d (J)\J C {1, . . . ,d — 1}} define a stratification 
ofVd such that the degree of Mk(f;T) is constant in each stratum. 
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4 The trivial factor 



Suppose p > d and the monodromy of Aif is not finite. We will now study the weights of the (reciprocal) roots 
of the polynomial Mk(f,T). Let us first consider the easier case where d is even, and therefore Aif is isomorphic 
to [d - l]*ZV(0(t)) ® £ P {d(d-i)c d /2) ®Sasa representation of fl,. Let D^ 1 = Gal(F ((lA))/F ((l /t 1 ^- 1 )))), 
denote by a : D^ 1 — > Q e the character corresponding to the sheaf A/>( g ), and let t e 1^ be a generator of 
the cyclic group Dqo/D^ 1 = I 00 /I'^' 1 . By the explicit description of induced representations, there is a basis 
{«0j • • • j °f the underlying vector space V such that a ■ vq = a(a)vo for every a G I^ 1 and 6 • Vi — Uj+i for 

i = 0, . . . , d — 3. Then b ■ Vd-2 = b 1 ■ vq = a(b d ~ 1 )vQ. Replacing b by a _1 o, where a G -f^ -1 is an element such 
that a(a) d_1 = a:(b *) (which is always possible since the values of a are the p-th roots of unity and d — 1 is 
prime to p since p > d) we may assume without loss of generality that a(& d_1 ) = 1. 

Furthermore, for any a G I^ 1 we have a ■ Vi = (ab l ) ■ vq — (b l b~ l ab l ) ■ vo — b l ■ a(b~ l ab l )vo = a(b~ l ab l )vi. So 
the restriction of Aif to D^ 1 is the direct sum of the characters a h- > aj(a) := a(b~ l ab l ). But we already know 
that it is the direct sum of the characters associated to the sheaves ^-ifiigUH)) ® £p(d(d-i)c d /2) ® Q, so these two 
sets of characters are identical. Replacing b by a suitable power of itself we may assume that on is the character 
associated to C-Mg[CH\) ® £p{d(d-\)c d /2) ® Q- In particular, IliLo 2 a T lSl geometricaly trivial (that is, trivial on 
I^ 1 ) if and only if a i9(Ct) is a constant in ¥ q [t], that is, if and only if a i0 = f° r every j G J. 

We turn now to the case d odd. Let x be a multiplicative character of ¥ q of order 2(d — 1) (which exists, 
since we are assuming that ¥ q contains the 2(d — l)-th roots of unity). Then by the projection formula Aif is 
isomorphic to [d - 1]4Ah°(*)) ® £p(«ot)) ® £p(d(d-i)c,j/2) ® Q = ([d - l]*£^,( 9 ( t ))) ® £ x ( So t) <8> £ p (d(d-i)c d /2) ® Q. 
Let on : D 4 ^ 1 — )• Q £ (respectively /? : fl^ — > Q e ) be the character corresponding to the sheaf A/>r ff (c*t)) (resp. 
C x r So t))- Proceeding as in the d even case, we find a generator 6 G loo of Doo/D 1 ^ 1 and a basis {i>o, • ■ • , Vd-2} of 
1/ such that a ■ Vi = cti(a)f3(a)vi for a G D^ 1 and b ■ Vi — f3(b)vi + i for z = 0, . . . , d — 3, 6 ■ «d-2 = (3(b)vQ. In this 
case, Ili=o 2 a T P ai i s trivial on i^ 1 if and only if ^ aig(( l t) is a constant in ¥ q [t] and X] a i is even (since on has 
order p and /3 restricted to I^T 1 has order 2). 

We can now compute the dimension of the invariant subspace of the action of on Sym fc Ai/, in very much 
the same way it is done for the Kloosterman sheaf in jTQl Lemma 2.1]. Its underlying vector space is Syvn k V. An 
element w is given by a linear combination 

W= c a, ---a. d _2 V 0° ' ' ' V d-2 ■ 



a -\ ha d _ 



In the d even case we have 



Ean o-d-2 \ / an a d _ 2\/ \ ao 

c a ---a d - 2 v ''' v d-2 ~ 2—1 C i(v ■ ad-2\ a ' ' ' a d-2 )\ a ) V ' ' ' V , 

OoH Va d -2=k OoH \-a d -2=k 



for a £ it, 1 and 



Ea a d -2 
c a ---a d -2 V ''' V d-2 ~ 2-*/ ' 

aoH \-a d -2=k a -\ Va d -2=k 



•ao"-o<j-2 u l u 2 



an ai o,d-2 
Vi V, ■ - " 



So u; is fixed by Too if and only if the character ocq° ■ ■ ■ otj 1 ^ is trivial whenever c ao ... ad 2 + and 
c ad _ 2ao ... ad _ 3 for all ao, . . . , ad-2- A basis for the invariant subspace is thus given by all distinct sums of the form 
(setting Vd-i+i := vi for all I > 0): 

d-2 

for all ao, . . . , ad-2 such that ap • • ■ a^l^, 2 is trivial, that is, such that a iC : ' = in F g for every j 6 J. 
In the d odd case we get 

9- E W..a d _ 2 C-'-^-2 2 = E Ca ...a d _ 2 (aS°---^-2 2 )(5)/3 fc (5K°---^-2 2 

aoH ha d _2=fc a H had-2=fc 

for g G 1 and 

h- E c ao ... ad _ 2 C---^- 2 2 = E c ao ... a4 _J(h) k v?v?---vZ*-\ 

aoH had_ 2 =fc a H Va d -2=k 

So ui is fixed by loo if and only if the character a^ ■ ■ ■ a a d d -2 P k °f loo 1 1S trivial whenever c a0 ... O(i _ 2 ^ and 
Ca . -ad-2 = c a.d-2a.(va d -3P{h) k for all do, • • • , ad-2- Since all aj's have order p and the restriction of /3 to I^ 1 has 
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order 2, a^ ■ ■ ■ c^/S^ P k is trivial if and only if both ag° • • • a^S^ and (3 k are trivial as characters of I^ 1 , that is, 
if and only if = in ¥ q for every j <E J and k is even. In particular, there are no non-zero invariants for 

loo if k is odd. If k is even, a generating set for the invariant subspace is given by all distinct sums of the form 

for all ao, . . . , 0,4-2 such that fl iC"' — in F g for every j G J. Let r be the size of the orbit of (a , . . . , a ( 2_ 2 ) 
under the action of Z/(d — 1)Z by cyclic permutations. If r ^ d — 1, we can write 



£ / w' fc *> -ii • • • <r/- 2 = E /w^a + +■■■+ m^- 1)rk )vf^u ■ ■ ■ v ? + t 

j=0 3=0 

Notice that k must be a multiple of since k = X^=o ai = Si=o a «- ^ ~I-T 1S °dd we nave 



1 + m * + ■ ■ ■ + = 1 = 0, 



/3(/i) T 

so the above sum vanishes. On the other hand, if -0^ is even it is clear that the element 



d-2 



E • • • <r,- 2 = V E • • • <r/- 2 

is non-zero, and to different orbits correspond different elements. To summarize, we have 

Proposition 4.1. Let T d _i(k, J) &e i/ie set 0/ orbits of the action ofZ/(d — 1)Z on the set Sd-i(k, J) by cyclic 
permutations, and let t/d_i(fc, J) be the subset of orbits such that -frr * 5 even , where r is their cardinality. If d is 
even, the invariant subspace of the representation Sym fe Ai^ of 1^ has dimension #T ( ^_ 1 (A;, J). If d is odd and k 
is even, it has dimension #Ud-i{k, J). If d and k are odd, the representation has no non-zero invariants. 

The sequences #T<j-i(fc, J) and #Ud-i{k, J) can also be described by means of generating functions. By 
Burnside's lemma, the dimension of the invariant subspace for d even is given by 

^ 1 d — 1 kr 

#T d _ 1 (k,J) = — -^#{(a , ai,..., a d - 2 )\ai = a i+r mo d d-J = J^J E ~ ^* Sr{ -~ T' J) 

r=l r|d-l 

where S r (k,J) — if k is not an integer and (f> is Euler's totient function. So the generating function for the 
sequence {#Td-i{k, J)\k > 0} is 



G d ^(J-T): = Y,#Td-i(k,J)T k 

r|d-l s=0 
r|d-l 

Next, suppose that d is odd, and let (ao, . . . , ad-2) S Sd-i(k, J). Let r be the number of elements in its orbit. 
Then Y^i=a a i = 3~T- We want to count the number of orbits such that this value is even. Since k = • ^r-, 
if the largest power of 2 that divides d — 1 is smaller than the largest power of 2 dividing k, must always be 
even. Suppose that the largest power of 2 that divides k, 2 a( - k \ divides d — 1. Then is odd if and only if 2 a ( fe ) 
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divides 4=1, if and only if r divides Therefore #U d - X (k, J) = J) if 2 a W does not divide d - 1 

and #T^_i(fc, J) — #T d-i ? J") if it does. The generating function is then 

OO OO 

£ #tf«,-i(fc, J)T k = #T d -t{k, J)T k -EE #T^(l, J)T 2H 

k=0 k=0 j>l;%3\d-Xl odd 

= G d _x(J;T)- V H^{J;T 23 ) 

j>l;2J | <2-l 

where 

iJ r (J;T) :=i(G r (J;T)-G r (J;-T)). 

Let F € -DJ^ 1 C Z?oc be a geometric Frobenius element, and w = J2jZo v j° v j+i''' v 'j+d 2 -2 ( res P- w = 
Ej=o ^(^) jfe «i° w "+i • ' • «j+d 2 - 2 ) a generator of the 7^ -invariant subspace of SynvV. F acts on ^ Q °v"+i • ■ • ^+ d l 2 
via the character corresponding to aig ^i+H)) ®^{d{d-x)c d /2) ® 2® fc (resp. ai g(&+H)) ®£ p (n(soO+'tr* ) ® 

£ p(d(d_i) Cd / 2 ) ® Q® fc ). Since E a t5(C i+ **) mu st be a constant polynomial, we have ^E aiJ ((j+i t )) = A/,(fcfeo)- 
Additionally, if d is odd and k even, £p(Jl(s t) a i) — £p(s t) k is trivial. We conclude: 

Proposition 4.2. A Frobenius geometric element at infinity acts on the loo-invariant subspace o/Sym fc Ai/ by 
multiplication by ip(kbo)p(d(d — l)cd/2) k g(tp, p) k . 

As an immediate consequence we get 

Corollary 4.3. The local L-function of Sym fc Aij at infinity det(l — Frob T|(Sym fc Aiy) /o °) is given by (1 — 
t/j(kbo)p(d{d - l)c d /2) k g{4>, p ) k T)# T ^ k ^ if d is even, (1 - ^(kb )p(d(d - l)c d /2) k g(iP, if d is 

odd and k is even, and 1 if d and k are odd. 

Theorem 4.4. The polynomial Mk(f,T) decomposes as a product Pk(f,T)Qk(f,T), where Qk(f,T) is given by 
the formula in Corollary \4-3\ and Pfc(d, T) satisfies a functional equation 

P{T) = dTP^/q^T) 

where |c| = g r ( fe + 1 )/ 2 and r is its degree. 

Proof. Let j : A 1 — ► P 1 be the inclusion. From the exact sequence 

-> Sym Ai/ -> j*Sym Ai/ -> (j*Sym Ai/)^ -> 

we get an exact sequence of Gal(F 9 /F g )-modules 

-> (j^Sym^Ai/) 7 - -> H^A 1 , Sym fe Ai/) -> H^P 1 , j*Sym fc Ai/) -> 

and therefore a decomposition 

M k (f,T) = det(l - FrobT|H^(A 1 ,Sym fc Ai / )) 

= det(l - FrobT|(j*Sym fe Ai/) 7 °°)det(l - Frob TlH^P 1 , j i Sym fc Ai / )). 

The first factor is described by the previous corollary. On the other hand, by [2 Theoreme 1.3] we have a perfect 
pairing 

R l (V\j^ym k Ai f ) x H^P^Sym^Ai/) Q t (-k - 1) 

where Ai/ is the dual of Ai/, which is constructed in the same way as Ai/ using the complex conjugate character 
%j) instead of ip. If the eigenvalues of the action of Frobenius on H 1 (P 1 , j Jr Sym fe Ai/) are ot\,--- ,a r , so that 
P fc (/, T) = fl(l - aiT), it follows that P k (f, T) = - (q k+1 /ai)T) and therefore the functional equation holds. 
Applying the functional equation twice we get |c| = q r ( k + 1 )/ 2 , □ 
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5 Some special cases 

We will now see how the previous results apply to some special values of /. First, consider the case f(t) = t d . 
In this case the equation f'(t) + u(i) d_1 = gives u(t) — r t, where r d ~ l = —d. Then v(t) = t/r , and 
g{t) = f(v(t))+ vW 1 - 1 = t d (l/r$ + l/r ) = ^t d . By corollary [3H we get that the degree of M k (f; T) is the 
fc-th coefficient in the power series expansion of 

dF d ^({l};T) 



d-1 \(l-T) d - 1 
where 

F d ^({iy,T) = -EIl( 1 - Mc'yrr 1 . 



Explicitly, 

deg M k (f,T) = -^-j ( + d d _~ 2 2 ) - d ' #Sa-r(k, {1}) 
In particular, for d = 3 

F 2 ({i} ; t) = - J2 o- - mm-Hi - ^(-iwr 1 = - £ a - cm—)t)-\i cm^^wv 1 . 

P^ P P 

It is easily checked that ^(fc, {1}) := {{a, b)\a + b = k, a = b( mod p)} has |_|J + <5 elements, where 5 = (resp. 
5 = 1) if fc — [|J is odd (resp. even). So in this case we get an explicit formula for the degree: 



degM fe (/(t) = t 3 ;T) = i (/, 



If p > k this gives (k + l)/2 for fc odd and (k — 2)/2 for fe even. 

CorollarvH31states for fit) = t d that the local L-function of Sym fc Ai/ at infinity is (l-p(d(d-l)/2) k g(<if>, p) k T)* Td 
if d is even, (1 — p(d(d - l)/2) k g(ip, p) k T)# Ud - l( - k ' J ) if d is odd and k is even and 1 if d and k are odd. For d = 3, 
we can again provide a more explicit expression. 

Since 3 is odd, the local i-function is 1 for k odd. For k even, we can write #Sz(k, {1}) = I -J +S — 2I5M +1. 

p zp 

Every orbit of Z/2Z acting on 5 2 (fc,{l}) has two elements except for {(fc/2, k/2)}, so #T 2 (fc,{l}) = [^J + 1. 
Uz(k, {1}) contains the orbits such that rfc is a multiple of 4. If k = 0(mod 4) this includes all orbits. If 
k = 2(mod 4) the orbit {(|, -|)} must be excluded. So the trivial factor for k even is 

(1 -.g(-0,/9) fe T) L ^ J for k = 2 (mod 4) 

(1 - g(ip,p) k T) l ^ i+1 for k = 0(mod 4) 

In particular, for p > | the trivial factor of M k (t z , T) is 1 if k = 2(mod 4) and (1 - g(ip, p) k T) if k = 0(mod 4). 

We will now consider the case where g(t) = has bi 7^ for i = 1, . . . , d — 2. This includes the generic 

case where all coefficients of g(t) are non-zero as a special case. Suppose first that b d -\ — (or, equivalently, 
that Cd-i = 0). Sd-i(k, J) is the set of all (clq, . . . , a d-2) G ^s-o 1 sucn that a, = A: and X] a iC"" = f° r au 
j = 1, . . . , d — 2. The system of equations = 0| j = 1, . . . , d— 2} has rank d— 2 (since the (d — 2) x (d — 2) 

minors are Vandermonde determinants) and has (1, 1, . . . , 1) as a solution, so all solutions must be of the form 
(a, a, ... , a) modulo p for some a. Therefore 

00 

F d ^{J;T): = Y,#S d -x{k,J)T h 

p— 1 00 
_ Ji(r+sap)+-+(r+s < j_ 2 p) 

r=0 a o ,...,a d _ 2 =0 

p— 1 00 
— ji(rf— l)r yp(a f H had-2) 

r=0 00, ...,ad_2=0 

1 _ J"(<i-l)p 



(1 -TP) d -!(l -T^- 1 ) 
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Suppose now that bd-i ^ (or, equivalently, that Cd-i ^ 0). Making the change of variable f(t) = fit — ^r 1 ) 
we eliminate the degree d - 1 term. Moreover, Aiy = R^i/^,^ c ™-i )ltx) = R l7r t!^(/( x ) | t (x \ )) = 
Ai/ (g) t j and thus Sym fc Ai/ = (Sym fc Ai^) ® <=„-i t y As a representation of Doo, we have then 

Ai / = [d- l]*(£^ (§(t)) ® C p d {sot) ) ® £p(d( d _i) C(J /2) ® Q ® C H _^__L t) = [d- l]*(^ (g(i) _f^ t<l -i ) ® £ p <*( SD i)) ® 
£p{d[d-i)c d /2) ® Q- In other words, g(<) = £(t) - ^-t 4 - 1 . 

If p divides fc, the condition diC"' for j = d — 1 is void, so both the dimension of Mk(f; T) and the trivial 
factor at infinity behave as in the bd-i = case. If p does not divide k, the condition ^\ a^ 1 -? does never hold for 
j = d— 1, so Sd-i(k, J>j) = for j = 1, . . . , d — 1. In particular, the trivial factor of Mfe(/; T) is 1. Furthermore, 
applying the formula for the degree, we get 

deg M k (f, T) = + d ~ 2 ) - #5 d _! (A, {1}) 

As a final example, suppose that d — 1 is prime and p is a multiplicative generator of F^-i. In this case, 
all non-trivial (d — l)-th roots of unity are conjugate over F p , so ao + <2i£ + • • • + ad-2( d2 = if and only if 
a + aiC 3 + • • • + a d -2( (d ~ 2)j = for any j = 1, 2, . . . , d - 2. Therefore S d _i(A, {1}) = Srf-iO, J) for every JcZ 
such that J fl (<f — 1)Z = 0. As in the previous example, we conclude that, if Cd-i — 0, 

1 _ T{d-l)p 

for every j G J. By corollary |3.4[ the degree of Mk(f; T) is the fc-th coefficient of the power series expansion of 
1 1 i_t(<*-i)p 1 d 

(d - i)(i - ry- 1 ~ d - 1 (i - tp - r d_1 ) ^ (j) ~ (d - i)(i - ry- 1 ~ d - 1 ' (i - t^^i - t^- 1 ) ' 

If C(j-i 7^ we have, as in the previous example, the same formula for the degree if k is a multiple of p, and 
the fc-th coefficient in the power series expansion of 

1 i i — j>(<*-i)p 



(d- i)(i -ry- 1 d-i (l-Tpy-^i-T 11 - 1 ) 

if k is prime to p. 

References 

[1] Ahmed Abbes and Takeshi Saito, Local Fourier transform and epsilon factors, arXiv:0809.0180vl [math. AG] 
(2008). 



[5] 
[G] 

[7 
[8 
[9 
[10 



Alan Adolphson, A p-adic theory of Heche polynomials, Duke Math. J. 43 (1976), no. 1, 115-145. 

, On the distribution of angles of Kloosterman sums, J. Reine. Angew. Math. 395 (1989), 214-220. 

Laurent Clozel, Michael Harris, and Richard Taylor, Automorphy for some l-adic lifts of automorphic mod 
I Galois representations, Publ. Math. Inst. Hautes Etudes Sci. (2008), no. 108, 1-181, With Appendix A, 
summarizing unpublished work of Russ Mann, and Appendix B by Marie- France Vigneras. MR MR2470687 

Pierre Deligne, Formes modulaires et reprsentations l-adiques, Seminaire Bourbaki 11 (1968), no. 355, 34. 

, Application de la formule des traces aux sommes trigonometriques, Lecture Notes in Mathematics, 



vol. 569, pp. 168-232, Springer- Verlag, 1977. 

, Dualite, Lecture Notes in Mathematics, vol. 569, pp. 154-167, Springer- Verlag, 1977. 

Bernard Dwork, On Heche polynomials, Inventiones math. 12 (1971), 249-256. 

Lei Fu, Calculation of l-adic Local Fourier Transformations, arXiv: 0702436 [math. AG] (2007). 

Lei Fu and Daqing Wan, L -functions for symmetric products of Kloosterman sums, J. Rcinc Angew. Math. 
589 (2005), 79 - 103. 



11 



[11] , Trivial factors for L-functions of symmetric products of Kloosterman sheaves, Finite Fields Appl. 

14 (2008), no. 2, 549-570. 

[12] F. Gouvea and B. Mazur, Families of modular eigenforms, Math. Comp. 58 (1992), no. 198, 793-805. MR 
MR1122070 (93d:11049) 

[13] C. Douglas Haessig, L-functions of symmetric powers of cubic exponential sums, J. Reine Angew. Math. 631 
(2009), 1-57. 

[14] M. Harris, N. Shepherd Barron, and R. Taylor, A family of Calabi-yau varieties and potential automorphy, 
Annals of Math (2010), no. 171, 779-813. 

[15] S. Hong, Newton polygons of L functions associated with exponential sums of polynomials of degree four over 
finite fields, Finite Fields and Their Applications 7 (2001), no. 1, 205-237. 

[16] Nicholas M. Katz, On the monodromy groups attached to certain families of exponential sums, Duke Math. 
J. 54 (1987), no. 1, 41-56. 

[17] , Gauss Sums, Kloosterman Sums, and Monodromy Groups, Annals of Mathematics Studies, vol. 116, 

Princeton University Press, 1988. 

[18] , Exponential Sums and Differential Equations, Annals of Mathematics Studies, vol. 124, Princeton 

University Press, 1990. 

[19] , G 2 and Hypergeometric Sheaves, Finite Fields Appl. 13 (2007), no. 2, 175-223. 

[20] Gerard Laumon, Transformation de Fourier, constantes d 'equations fonctionnelles, et conjecture de Weil, 
Publ. Math. IHES (1987), no. 65, 131-210. 

[21] Philippe Robba, Symmetric powers of the p-adic Bessel equation, J. Reine Angew. Math. 366 (1986), 194 - 
220. 

[22] Jasper Scholtcn and Hui June Zhu, The first slope case of Wan's conjecture, Finite Fields Appl. 8 (2002), 
no. 4, 414-419. 

[23] S. Sperber, On the p-adic theory of exponential sums, American Journal of Mathematics 108 (1986), no. 2, 
255-296. 

[24] Ondrej Such, Monodromy of Airy and Kloosterman sheaves, Duke Mathematical Journal 103 (2000), no. 3, 
397-444. 

[25] R. Taylor, Automorphy for some l-adic lifts of automorphic mod I representations. II, Pub. Math. IHES 108 
(2008), 183-239. 

[26] D. Wan, Dimension variation of classical and p-adic modular forms, Invent. Math. 133 (1998), 469-498. 

[27] , Dwork's conjecture on unit root zeta functions, Ann. Math. 150 (1999), 867-927. 

[28] , Higher rank case of Dwork's conjecture, J. Amer. Math. Soc. 13 (2000), 807-852. 

[29] , Rank one case of Dwork's conjecture, J. Amer. Math. Soc. 13 (2000), 853-908. 



12 



